Abstract. Asymptotic solutions for the Sturm-Liouville boundary value problem with interior singularities were obtained using asymptotic forms of the Whittaker functions for higher order modes and the Titchmarsh-Weyl m-function for low order modes. However, these split interval techniques do not readily provide the eigenrelations for low order modes. For the first time, with minimal constraints, the eigenvalues for the SturmLiouville eigenproblem are obtained when the Titchmarsh-Weyl m-function technique is employed.
Introduction.
Numerous studies have been carried out geared towards obtaining asymptotic solutions for the Sturm-Liouville (SL) eigenproblems which occur in quantum mechanics, duirnal ocean tides and planetary waves where a strong singularity other than the simple pole is much more evident. Methods of solutions have been developed in [4] , [5] , [11] , [12] , [13] , [17] , [18] and more recently in [1] , [2] , [3] . It has been shown that the SL boundary value problem with interior double pole and two turning points has complex eigenvalues. A physical implication of complex eigenvalues ( [6] , [7] ) is that the models of planetary waves on a sphere propagate vertically, while their density weighted fields are simultaneously decaying with height. This self-adjoint SL eigenproblem may be given as
where P (ξ) has a double pole and two simple turning points as the only transition points. As indicated in [2] , the standard SL theory permits singularities only at the end points of the interval I ξ for P (ξ) real and continuous on I ξ . In this case the eigenvalues are real and eigenfunctions exist even if there are poles at either a or b. However when we consider the non-standard SL eigenproblems which have interior singularities then (1.1) with (1.2) has complex eigenvalues. Solutions for the SL boundary value problem (BVP) with an interior simple pole was presented by Boyd [5] and for interior double poles with turning points by Clemence and Acho [2] , and using matched asymptotic technique by Acho [1] . However, computation of the eigenvalues of the SL BVP when the TitchmarshWeyl m-function theory (we refer the reader to whom notion of the Titchmarsh-Weyl m−function theory is unfamiliar to [10] ) is used will be presented for the first time in this paper. For the sake of brevity, results already obtained in [1] and [2] will be cited, but details of the derivation will not be presented in this paper. However, the necessary analysis for obtaining the solution of the SL eigenproblem as obtained in [2] is presented in section 2 with the necessary theorems (proofs in [2] are omitted here), and in section 3 we compute the eigenvalues.
Solutions of the SL boundary value problem.
2.1. Preliminaries. For a clear understanding of the representation of the asymptotic solutions we will re-write the SL eigenproblem (1.1) with (1.2) in the form
which has turning points
where γ 2 are eigenvalues. We expect the eigenfunction solutions of our SL eigenproblem (2.1) with (2.2) to be Whittaker functions M k,µ (2iγ 
where M k,µ and W k,µ are Whittaker functions and
Thus from (2.3) and (2.4) we obtain the asymptotic solution (we refer the reader to whom the notion of asymptotics is unfamiliar to [8] , [15] ) for higher order modes as
where 8) and α 0 , β 0 are complex constants. For |γ 2 | small, an internal boundary layer in which available asymptotic series are inaccurate include the whole of [a, b] . This is a consequence of the presence of the double pole for |γ 2 | small, especially when the turning points are separated.
The method of finding asymptotic approximations to solutions (2.1) with (2.2) would be identical to that of the simple pole case if both signs of the real part of the turning points are the same. In this case, we have at most two of the zeros of the Whittaker functions from which to choose one to satisfy boundary condition at b, while for the interval (a, 0) we invoke theorem 3 of [13] . We shall however dwell on the case where sign of the real part of the turning points are different and separated, that is, when |Q| < |T | and |R| < |I|, where 12) where Im stands for Imaginary part , and Re for Real part. Figures 1-4 show the positions of the turning points. The approach in [1] is to obtain an inner expansion as |2iγ
2 ξ| → ∞ about the turning point τ 1 , whose real part is greater than zero. This would be matched to the outer asymptotic expansion for ξ → τ 1 along the anti-Stokes lines A 1 (if we appeal to Figure 2 , say). The result from the matching would then be used to satisfy a boundary condition at b. For a boundary condition at a, we shall use the analytic continuation (a connection formula) for these functions about the double pole for ξ = ξe πi . Again, the result of the matching will then be used to satisfy a boundary condition at a.
The asymptotic series for |γ 2 | small (asymptotic series of the Whittaker functions for |γ| small and 4k = x or 4k = x as given in [19] do not represent the turning point as in the simple pole case of [5] ) are not valid around the turning points in the double pole case. This necessitated the use of WKB approximation as the outer expansion and the Airy approximation as the inner expansion about each turning point.
The WKB approximation for the general solutions to (2.1) are given by The separated matching that follows in [1] would then yield the eigenrelation. The solution and eigenrelations to the SL BVP for high order modes were obtained for the double pole case in [1] and [2] and for the simple pole case in [5] . [2] uses Titchmarsh-Weyl m−function theory [10] , for which the boundary conditions are automatically satisfied by the solution obtained. Here the asymptotic analysis of the eigenfunctions (i.e., the Whittaker functions) is also as presented above. With preliminary WKB analysis the illustrative diagrams above show that the transition points lie in the ξ−complex plane with nonzero imaginary parts. This helps establish the convenient split intervals necessary for the Titchmarsh-Weyl m−function theory, the splits being appropriately located at the turning points, which lie on antistokes lines, [2] . This is particularly important when we consider the fact that for some SL eigenproblems (notably those on planetaryscale stratospheric disturbances [7] , [11] , [18] ), these transition points represent singular lines. The solution to the SL BVP for low order modes using the Titchmarsh-Weyl mfunction technique (as in [2] ) is
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Titchmarsh-Weyl m-function theory eigenfunction solution for low order modes. The relatively simpler split interval technique employed in
where 19) and [2] . The eigenrelation for the low order modes will be obtained in the section that follows.
3. Derivation of the eigenrelation for low order modes. As with any split interval technique [2] or direct sum method [13] , obtaining the eigenrelation for the non-standard SL boundary value problem would require a careful examination of the asymptotic properties of the eigenfunction solutions. The function of interest here would be the function θ (ξ, γ 2 ), as we shall shortly see. We shall use the asymptotic approximation for arg (2iγ 2 ξk) < 2π, namely
We may then write is applicable with the choice of branch cut made in the theory of atmospheric and oceanic waves. With the obvious popularity of these methods of solution partly because of their simplicity, the above approach when implemented for the nth (for n > 2) order interior singularities would yield similar results. The ease of obtaining such results would also depend on an appropriate analysis on the behavior of the eigenfunction solutions, most of which are not well behaved, as is evident above.
